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let A be a ring S ACxo xD and X a scheme

over A Suppose there is a morphism

4 X 1pm
A

Let 1 4 10 i Recall that the stalk L 04
so since 0C is globally generated by Xo Tn

L will also be globally generate by the pullbacks
of the sections si 4 xi e f X L

Conversely we have the following

theorem let X be as above and L an invertible
sheaf on X If L is globally generated by
so Sn C X L there is a unique A morphism
4 X Pf s.t LE 4 0 i and Si Y xi

PI Define Xi PEX si p4Mptp an open subset
of X Since Lp is free of rank one it is generated

by any element hot in mpLp so Si generates the
stalk Lp at each PEXi

For each P the si p generate Lp Thus they're
not all contained in Mptp so the Xi cover X



let Ui be the standard open cover of IP where
U xi to so that

Ui SpecA hi xi

Define a ring homomorphism

Ri AC i
n T Xi Ox by
Xj 1 Syki Si

Sj Si E f X L so why does this make sense
For p CXi si pgenerates Lp so there's a unique
rpCOp s t Sj p rpSi p

Thus there's a unique re Xi S t Sj rsi

set r

The maps Ri Xbox uniquely determine

morphisms Xi SpecRi see e.g Hartshorne exercise 24

These morphisms glue together check giving us
an A morphism 4 X IPA

sectionsofOci
6

On each Xi 4 0 i Xi Ri Xi Tai Qi
CCxi Ox si

L Xi



Since L is locally free and has the same trivializations
as 4 0 i we have L E 4 0 i and Si 4 Xi D

what is happening here We are sending the Si to

patch to the Xi to patch In the A K case why can't
we take a k point P and send it to so p snPD

Because even though LI E Ox the value of

Si P e k P depends on the trivialization i e

the choice of isomorphism However The ratio

sits will be consistent

Ex 013 on IP is globally generated by
x3 Ny Xyz y which define a morphism

IP 1ps
Ex y Cx3 x'yixy y
twistedcubic

This is an example of a Veronese embedding More

generally let X IPL and L Q d which is

globally generated for d21 by dth sections

e.g all deg d monomials

Thus this determines a morphism

Ipp pp
din



called the de Veronese embedding

Since the only invertible sheaves on IPL are d for
de 7 all of the maps between projective spaces come

from subsets of global sections of some 0 d

In particular one can show that the automorphisms
of IP correspond to k bases of T lpn i

up to scaling i e the automorphism group is
PGL n

What happens if we choose a set ofglobal sections
which don't generate L

EI X IPL and take ay yz iz e f X 0 127

These sections don't generate 0 27 at each stalk

get P I O O Then xy y Z X't E Mp 0 2 p since

the maximal ideal is generated by Thus these

sections can't generate the stalk

If we try to construct a map anyway we get
x y z my xz yz
P Q R

Problem I O O oil O Co O I 1 O O O so it's hot



defined at thesepoints

However it's defined at all other points so it defines a map
p2 P Q R IP called a Cremona transformation

what's the image

P

t.ii.iii.itR L2

L o I O O

z Co fo O I

z O fo I O

This works more generally If X is a scheme over

A L an invertible sheaf and so Sn any set
of global sections let UEX be the possibly empty
open set over which the Si generate L

ThenLIU and the situ give a morphism U IPA

We'll come back to the concrete setting of projective
varieties soon when we discuss linear systems



immersions

Under what conditions do L and so Su CTH L
determine a closed immersion

Prep let 4 X Pha be a morphism of A schemes

corresponding to an invertible sheaf L on X and sections

so Sn e f X L Then 4 is a closed immersion iff

each open set Xi as defined above is affine and

for each i the map A Yo yn Xi0 defined

yj
8 is surjective

Ef If 4 is a closed immersion then Xi XMUi is a

closed subscheme of Ui so it's affine and the cow

map of rings is surjective

Conversely if and are satisfied then each Xi is a

closed subscheme of Ui Since the Xi cover X X

must be a closed subscheme of IP D

If we are over an alg closed field we can give
a criterion on stalks For proof see Hart 3

Pep Let K hi X a projective scheme over k and



4 X Ipr a morphism corresponding to L and

so Sue T X L Let V ET X L be the subspace

spanned by the si Y is a closed immersion if and only if

for P QCX distinct closed points 7 sell s t SempLp

but Sfmalo or vice versa i e it vanishes at one pt
but not the other and

for each closed PEX seVISpempLp spans

PLP
mqgp

i e separates tangent vectors

Ex Consider 063 on IP along w sections St t s

The image of 4 sit Est it S3

in IP is the curve defined x3 y z J
If P a I Q Cb I then

St at vanishes at P but

not Q Equivalently st at c s at in the

stalk

If P fi o t vanishes at P but not Q

However at P l O The set of sections of V in mp0 3 p is
generated by stand t whereas

m 3 p
t k sit 3 et oP



is generated by t so St t E Mp O 3 p Thus V does

not separate tangent vectors

Very gs

let X be a scheme of finite type over a Noetherian ring
A and L an invertible sheaf on X

Def L is veryaneple if it admits a set of global sections

so sn such that the corresponding morphism X IPL
is an immersion open subset of a closedembedding

If X is proper1k it's a closed immersion

h
L is aimple if L is very ample for some USO

There are several equivalent characterizations of ampleness
some involving cohomology Here is one we can state how

Pep let L be an invertible sheaf on X finitetype over
Noetherian A Then L is ample iff for every coherent

F or X there's an integer no 0 s t for h2no

f L is globally generated

This characterization can be given as the definition of



ample in a more general setting e.g it doesn't require
finite type

Ex On IPL we saw that Ocd del determines the

dm Veronese embedding Thus d is ample and very
ample If DEO Then Ocd 0Cdn which is not

globally generated Thus Old is ample d O

Ex let QE IP be the nonsingularquadric surface We saw
That QE P'xp and Pic QI 7 12 let L be an

invertible sheaf on Q of type

i iii iiiua.IT f

of Veronese embedding

composed w a Segre X a
embedding

P'xp 1pmxp ph

so it is very ample However if a or b is EO we

can restrict L to the corresponding fiber X and

get LI
I Q b WLOG assume beo which is

not globally generated Thus L is not ample

Ed let X SpecA an affine scheme Every coherent sheaf on
X is of the form IT Where M is an A module Thus



every coherent sheaf is globallygenerated so every
invertible sheaf is ample


